Background independent quantizations: the scalar field II 
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Abstract 



We are concerned with the issue of quantization of a scalar field in a diffeomor- 
phism invariant manner. We apply the method used in Loop Quantum Gravity. It 
relies on the specific choice of scalar field variables referred to as the polymer vari- 
ables. The quantization, in our formulation, amounts to introducing the 'quantum' 
polymer *-star algebra and looking for positive linear functionals, called states. As- 
sumed in our paper homeomorphism invariance allows to derive the complete class 
of the states. They are determined by the homeomorphism invariant states defined 
on the CW-complex ^-algebra. The corresponding GNS representations of the poly- 
mer *-algebra and their self-adjoint extensions are derived, the equivalence classes 
K^ , are found and invariant subspaces characterized. In the preceding letter (the part 

$_i ' I) we outlined those results. Here, we present the technical details. 

1 Introduction 

1.1 Motivation 

Einstein's theory of gravity coupled (or not) to a matter field is a prominent example of 
a so called "background independent" theory. The phrase "background independent" 
means that the theory is defined on a bare manifold endowed with no geometry or affine 
structure. In this case, it is natural to look for a corresponding quantum theory that is 
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also manifestly background independent (see [Q for a profound discussion of that issue). 
It is conceivable, that a background independent quantum theory can even be derived 
from a background dependent framework. Another possibility is, that the classical limit 
of a given quantum theory (the classical GR for example) has more symmetries (the 
diffeomorphisms) then the underlying quantum theory. Therefore, we are not in the 
position to claim that every background dependent approach to a quantization of a 
background independent classical theory is wrong. Nonetheless, the first thing one 
should do is to try without introducing extra structures. Loop Quantum Gravity is the 
only known example. That name comes from the idea [21 01 Sj of using field variables 
labeled by loops, typically non-intersecting but knotted. Later, embedded graphs were 
found a correct tool 0113 Ej which gave rise to the present form of the theory. Therefore, 
there were attempts to promote the theory under a new name like "Quantum Geometry" 
|8]-|12| or "Quantum Spin Dynamics" |16j-|18j. LQG ^Hl is a canonical theory, it relies 
on the 3 + 1 decomposition of space-time into the 'space' M and 'time' R. It is invariant 
with respect to the diffeomorphisms (piecewise analytic) of M. It concerns the space- 
time geometry and its dynamics, as well as coupled matter fields [20]. The matter fields 
however, have to be quantized in a new way, consistent with the LQG and background 
independent quantization. And this is the point we want to focus on in this work. We are 
concerned here with the background independent, canonical quantization of the scalar 
field. The first example of a background independent quantization of the scalar field 
was proposed by Thiemann in his pioneering work |2U| . It was improved and analyzed 
by various authors [2^. In the current paper we systematically derive a broader class 
of examples. We show that our class is complete if certain simple assumptions, like the 
topological invariance, are made. In fact we consider only the GNS representations (and 
their self-adjoint extensions) defined by invariant states introduced on the appropriate *- 
algebra. Among the constructed representations we identify: those which give essentially 
self adjoint operators, the equivalency classes, the irreducible representations. Each of 
them can be applied to the scalar field interacting with the quantum geometry in the 
frame of LQG. A brief discussion of our results is already published in the form of a 
letter |2~2] . 

Here is an outline of the work. 

In Sec. |21 we introduce the polymer *-algebra 21, the key object studied in this work. 
It is constructed by the canonical quantization of a classical field cj> and the canonically 
conjugate momentum ir, both living on a manifold M. The first step is choosing basic 
field- variables. Briefly speaking (see Sec. 12.21 for the details) they are: the 'position 
variables' e zk ^ x ^ (denoted hk, x ) an d the 'momentum variables' fnf (denoted 7r(/)), 
where k E R and / is a smearing function. The vector space of the smearing functions 
T is fixed in this section arbitrarily. Its specific choice will play a crucial role later. The 
basic variables together with the Poisson bracket form a Lie algebra, still classical. The 
polymer *-algebra is defined (Sec. 12. M|) by 'putting hats', meaning it is the quantum 



enveloping algebra of the Lie algebra in question. It still depends on the choice of the 
smearing function space T . Next, we recall the definition of a state on a *-algebra and 
elements of the GNS construction. The conditions that will be imposed on the states 
are formulated in In Sees. 12.51 and 12.61 Briefly, they are: {%) the diffeomorphism (Sec. 
OJ) and the homeomorphism (Sec. 1419 .1|) invariance, and (ii) an extra condition ensuring 
that for every point x, the quantum operators p(hk^ x ), k £ R, form a 1-dimensional 
group of unitary operators. 

The first example of the polymer *-algebra considered in this work is given by choos- 
ing for the smearing functions all the C^ n \ n = 0, 1, ..., ...oo, compactly supported func- 
tions on the manifold M (Sec. |3J). In this case we show there is exactly one C' n '- 
diffeomorphisms (homeomorphism in the n = case) invariant state on the polymer 
*-algebra 21. The proof is a simplified version of the proof used in [23] in the case of 
the holonomy-flux *-algebra. This state coincides with the one used thus far in LQG 

nans]. 

The proof of that first result is very sensitive on the differentiability class of the 
smearing functions being equal or greater then the differentiability of the diffeomor- 
phisms. The question that arises naturally, is: how much the uniqueness proved in Sec. 
[3 depends on those differentiability assumptions? Another natural choice for the smear- 
ing functions -also used in LQG- is the characteristic functions of bounded regions in 
M . The study of this case is the subject of the main part of this work. 

Specifically, the space Ts of the smearing functions we consider throughout Sees. 
0] - E3 is spanned by the characteristic functions of ball-like regions in the manifold 
M. The manifold is endowed with a piecewise-analytic structure and the regions are 
assumed to be piecewise-analytic simplexes (see Appendix). First (Sec. 0}, we study 
the abelian algebra exp(©.Fs) freely generated by the characteristic functions, and its 
complexification called here the CW-complex *-algebra. That algebra, well defined on 
its own, can be identified with the subalgebra of the *-polymer algebra generated by 
all the momentum variables. We find all the homeomorphism invariant states on the 
CW-complex *-algebra. They can be labeled by the states \i : C[r] — ► C where C[r] is 
the *-algebra of the polynomials of one real variable. 

Every homeomorphism invariant state on the CW-complex *-algebra admits a nat- 
ural extension to the polymer *-algebra 21 (Sec. [5J. The resulting state defined on 21 
is also homeomorphism invariant. In this way a 1-1 correspondence between the states 
fj, : C[t] — ► C and all the homeomorphism invariant states on 21 which satisfy Property 
12.101 (mentioned above) was established. 

In the remaining part of the work (Sees. H3-EJ) we are concerned with the properties 
of the GNS representations corresponding to the homeomorphism invariant states on 
21 derived in Sec. |I] and their and self-adjoint extensions. An explicit form of the 
GNS representation defined by a state found in Sec. 0] i n derived in Sec. H3 The 
issue of the self-adjointness of the resulting operators is studied in Seed In particular, 



we characterize all those representations which admit a unique self-adjoint extension 
according to Schmudgen |24j . The equivalence problem for the self-adjoint extensions 
of our representations is solved in Sec. |SJ The reducibility issue is solved in Sec. 03 The 
results are summarized in Sec. E3 

The problem we studied is also relevant for the issue of the uniqueness of the diffeo- 
morphism invariant state of quantum geometry in LQG. We elaborate on that in Sec. 

ma 

2 The polymer *-algebra 21 and GNS construction 

2.1 The classical scalar field 

The classical scalar field in the canonical approach consists of a pair of fields (4>, ir) 
defined on a iV-real dimensional manifold M, where: (f> € C m ° (M, R) where C m ° (M, R) 
stands for the space of the C m ° real valued functions defined on M, mo G N or rriQ = oo, 
whereas n, called the canonical momentum, is a scalar density of the weight 1. The 
momentum ir can be expressed by a function w : U — > R defined on an arbitrary region 
U C M equipped with coordinates (x , ...,x ). The function, however, depends on the 
coordinates in the following way: if (x 1 ,...,x' ) is another coordinate system defined 
on U, then the corresponding momentum function n' is such that at every x &U 

n(x)d N x = 7v'(x)d N x'. (2.1) 

The fields (ft and it are called canonically conjugate in the sense od the Poisson 
bracket, usually wrote as 

{<Kx),7f(y)} = 5 x (y). (2.2) 

That Poisson bracket will be encoded in the Lie bracket of the Lie algebra introduced 
in the next subsection. 

2.2 The classical polymer Lie algebra 

Definition 2.1. A polymer position variable is a(n exponentiated evaluation) function 
hk,x '■ C m °(M, R) — > C assigned to a pair (k,x) 6 R x M such that k ^ 0, and defined 
as follows 

h Kx :4>^^ (x) . (2.3) 

The set of the polymer position variables is closed with respect to the complex 
conjugation 

hki, Xi = h- ki)Xi . (2.4) 



Definition 2.2. The polymer position variable space Cylj is the set of all the real valued 
linear combinations of all the polymer position variables, that is the set of all the linear 
combinations h such that can be written in the form 

n 

h = y~](aih kitXi +aih-k i ,xi) (2-5) 

where n G N, x±, . . . , x n S M , k\, . . . , k n G R \ {0}, oi, . . . , a n G C are arbitrary. 

We could well be using only real valued functions Re hk, x an d Im hk jX up to this 
point. The complexification will come with the quantization. 

A momentum variable will be assigned to a function / : M — ► R. It can be thought 
of as the integral j M nf. However, we will identify it with the operator defined by the 
Poisson brackets {hk, x , Im 71 ^ 1 

Definition 2.3. A momentum variable is a linear map vr(/) : Cy^ — ► Cy^ and defined 
by the following action on the polymer position variables 

n(f)hk, x = itf(x)ht lX - (2.6) 

This definition is our version of the Poisson bracket (|2.2|l . We fix a vector subspace 
T of the space of all the real valued functions Map(M, R) defined on M and refer to 
it the space of the smearing functions. We consider only the momenta defined by the 
smearing functions / G T . 

Definition 2.4. The momentum variable space IIf defined by a given space J- C 
Map(M, R) of the smearing functions is the real vector space spanned by the linear maps 
7r(/) h2.b)) such that f G T . The vector space J- itself is referred to as the smearing 
functions space, and its elements as smearing functions. 

Actually, the map 

T B f ^ vr(/) G IV, (2.7) 

is an isomorphism of the vector spaces. 
Finally, we define: 

Definition 2.5. The polymer Lie algebra (2l c l> {•, •}) corresponding to a momentum 
variable space IIf is the direct sum vector space 

Std := CylferV, (2.8) 

equipped with the following Lie bracket {•, •}: 

{(/i,7r),(/i',7r')} := (ir'h-irh',0). (2.9) 



The Lie bracket { • , • } encodes the structure of the Poisson bracket (|2.2|) and this is 
the reason we denote it in this way (rather then the usual '[•, •]'). 

Later in this paper, we will consider the following two examples of the smearing 
functions space J- and the corresponding of the momentum variable spaces: 

Example: 

1. 

J r = C r n °(M,R) 

where the second subscript stands for 'compactly supported'. 

2. T spanned by the characteristic functions of suitably defined family of open subsets 
of M 

Our main results will concern the second example. But until the end of this section we 
keep the smearing functions space T general. 

2.3 The quantum polymer *-algebra 21 

In order to turn the polymer position and momentum variables (Definition 12. II and 12.3)1 
into quantum operators we will construct from them a *-algebra. Briefly speaking, the 
commutation relations of the operators will be defined as % times the Lie bracket of 
the corresponding elements of the classical Lie algebra. To do it in an exact way we 
formulate a definition analogous to that of the universal enveloping algebra. 
Let (2lci, {■, •}) be an arbitrary real Lie algebra. 

There is the natural complex conjugation : 2l^j — > 2l^J. 
Next, consider the huge space 



First, consider a complex Lie algebra (2lrj, {•, •}), the complexification of (2l c i, {•, •}). 



0(2tS) " (2.10) 

n=0 

where 

(*S)° := C. (2.11) 

It has the natural complex associative algebra structure defined by the complex vector 
space structure and the operation ®. There is also naturally defined anti-isomorphism- 
involution •* in it, such that 

(ai ® • • • ® a n )* = a^ ® • ■ ■ <g> of. (2-12) 

Next, introduce the double sided ideal J generated by the following subset 

ia®b-b®a- i{a, b} : a, b € &§ } . (2.13) 



Ideal J is preserved by the involution •*, hence •* passes to the quotient ©^loO^d)®" - /^ 
(and is denoted by the same symbol •*). 
Finally, define: 

Definition 2.6. The quantum enveloping algebra (21, •*) of a real Lie algebra (2l c i, {•, •}) 
is the associative, unital, *-algebra 

OO 

21 = 0(8tg)®7J. (2.14) 

n=0 



From now on, until the end of the paper we will be considering the quantum en- 
veloping algebra of the polymer Lie algebra: 

Definition 2.7. A polymer *-algebra 21 is the quantum enveloping algebra of a polymer 
Lie alqebra. 



Elements of 21 can be heuristically thought of as quantum operators corresponding to 
polynomials in the polymer position and momentum variables. (They become operators 
indeed, only given a representation of 21 - see the next subsection). 

We will be using the following notation: an element [ai <8> • • • <g> a n ] G 21 corresponding 
to ai <8> ■ ■ • <8> a n , where a±, . . . ,a n £ 2l£j will be denoted by ai . . . a^, 

ai...a^ := [a± ® ■ ■ ■ (g> a n ] . (2-15) 

In particular, we will be denoting 

Hf) = W)] e 21, k,x = [hk,x] G 21, (2.16) 

and will be calling them the quantum momentum, and, respectively, quantum position 
variable. 

The basic commutators [A, B] = AB — BA in the polymer *-algebra 21 are 

[h k ,x,Hf)] = -kf(x)h k , x , (2.17) 

[ht, x ,h t ', x ']=0=[it(f),n(f)} (2-18) 

for arbitrary x, x' € M, k,k' 6R\ {0} and ir(f) G II^-. 

Owing to the commutation relations, every element of the polymer *-algebra 21 
corresponding to a momentum variable space ILf can be written as a complex linear 
combination of the elements of the form 

n m 

i=l j=\ 



where Xi G M, hi ^ 0, and ir(fj) G ITr, and the cases either Yl2=i ^ai or Ilj=i ^"(/j) 
are included as corresponding to m = and, respectively, n = 0. 

This decomposition is not necessarily unique, though. To begin with the factors 
ht u xi commute among themeselves as well as the factors 7r(/j). The second source of the 
non- uniqueness, is the identities satisfied by the momentum variables Definition 12.31 

tt(oi/i + . . . + Ofc/fc) = oi7r(/i) + . . . a k n(f k ) (2.20) 

for every finite set of functions fi, ■ ■ ■ , fk £ F and real numbers a\, . . . , Ofe. On the other 
hand, there are no identities in the vector space $, that is 

Q>ihtx,xi + ■■■ + akht k ,x h = => ai = ...afc = 0, ( 2 -21) 

provided that (ki,Xi) ^ (kj,Xj) for every i ^ j. 

2.4 States on *-algebras and GNS representations 

This short subsection might be skipped by the reader familiar with the notion of states 
on *-algebras and the GNS construction. 

Quantization of the basic position and momentum variables for the scalar field 
amounts to finding a representation of the quantum algebra 21 of the basic variables 
in the space of operators defined in a Hilbert space. In this paper we will be con- 
cerned with the so called GNS (Gel'fand-Naimark-Segal) representations defined by 
non-negative linear functional on the *-algebra 21. 

Recall, that: 

Definition 2.8. A state on a unital *-algebra 21 is a non-trivial linear functional uj : 
21 — ► C, such that for every a G 21 

cu(a*a) > 0, and w(i) = 1, (2.22) 

where 1 stands for the unity element. 

In fact, if we do not assume the equality above, it follows from the inequality (the 
positivity condition) itself, that 



w(o*) = u(a), and w(l) > 0. (2.23) 

Therefore, given the positivity, by rescalling we can always achieve the equality in Def- 
inition l2~Hl 

Given a state on 21, we construct the corresponding GNS representation 



where: H^ is a vector space endowed with a unitary scalar product ( • , • ) u , p u a rep- 
resentation of 21 on 7t^, and Sl w a vector in 7i^ which, when viewed as a state on 21, 
coincides with u (see Equation (|2.30|) ). A detailed exposition of the GNS construction 
for algebras of unbounded operators can be found for example in [21]. Here we will only 
need the following elements and properties that are easy to prove: 

(i) The vector space Ti.^ is obtained as the quotient of 21 considered as a vector space 

Hi := */J u (2.24) 

where the vector subspace 

J u := {a € 21 : u(a*a) = 0} (2.25) 

is a left ideal in 21; 

(it) The unitary scalar product ( • , • ) w is defined in H^ by the state u), namely 

([a], [S]) w := w(o*6), (2.26) 

where for every c € 21, [c] € 21/ J^ stands for the equivalence class defined by C; 

(m) To every element a of 21 we assign a linear (but in general unbounded) operator 
Pu(a), defined in the entire vector space H^, 

p u {a):Hl^Hl (2.27) 

p w (&)[&] := [aS]; (2.28) 

(w) The vector Q. w is 

fi w = [i], (2.29) 

and its relation with the state uj is 

u{a) = (n w ,/> w (a)n w ) w) (2.30) 

for every a € 21; 

(v) The map p^ : 21 — > End(W^) is an homomorphism of the associative algebra 21 
into the associative algebra of the endomorphisms of the vector space H° • 

(vi) The map p u is consistent with the *-structure of 21 in the following way: 

(p w (a*)[6],[6]) w =([S],a,(6)[c]) w , (2.31) 

for every a,b,c £ 21. 

A representation may be equivalent to a GNS representation. For the sake of preci- 
sion we spell out the definition of equivalence: 



Definition 2.9. Given ( V, (•{•), p, Vq), where: (a) V is a vector space endowed with a 
unitary form (•{•), (b) p is an associative epimorphism 

p : 2t -> End(F) 

of a *-algebra 21 into the endomorphism algebra of V , and (c) Vq € V , we say, that 
( V, (■{■), p, vq) is equivalent to a given GNS representation (H°, ( • , • ) u , p w , SlJ) when- 
ever there exists a unitary vector space isomorphism Z : Ti^ — ► V , such that 

p u = T~ opoZ, and 1(Vt w ) = vq. 

Notice, that the notion of the Hilbert space is not necessary when one deals with the 
GNS algebras, as long as we are interested in the elements of the algebra 21 only. 
However, as for every unitary space, one can consider the Hilbert space 

From this point of view, a difference between the current *-algebra case and any other 
case of a C*-algebra, is that since a general operator p^a) is unbounded, an equality 

a =a (2.32) 

if it takes place, does not imply that p u (a) acting in the domain TC 1 ^ is essentially 
self-adjoint. If the algebra 21 is commutative then, remarkably, (|2.32|) implies that the 
operator p UJ {a) admits a self-adjoint extension. Indeed, the operator commutes with the 
anti-linear operation 

* : TL^ —> TL^ 

induced by the *-structure of 21, in the commutative case. In general, the self-dual 
extension is not unique. However, due to the algebra of the problem, this unambiguity 
does not lead to any inconsistencies. Of course, given a *-algebra, it is always interesting 
to ask which states define the GNS representations such that the real elements of the 
algebra correspond to the essentially-self adjoint operators. 

2.5 Additional assumption about the representations of 21 

In this paper, we apply the GNS construction to the polymer *-algebra 21 (Definition 

EZZD- 

Throughout this paper, we will be assuming about a state u on 21 that the corre- 
sponding GNS representation p w satisfies the following property: 
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Property 2.10. For every point x G M , the set of operators 

U x = { P u,(k,x) ■ k G R} (2.33) 

where ho jX stands for the algebra unity element 1, is a group (with the operation of the 
composition), and 

Pu(hk,x)pu(hk',x) = Pu(hk+k>,x)- (2.34) 

This assumption reflects the property of the exponentiated evaluation functions 

e ik<t>{x) e ik'<j>(x) _ e i(k+k')4>{x) ^ (2.35) 

It is analogous to the property 

PuWl)) + P»W*)) = PM(h + f2)), (2.36) 

already satisfied as an identity due to the definition of the Lie algebra of the basic 
variables. 

It follows from (|2.34l) that for every polymer position variable h^ x , the operator 

pA,x) -K^K (2.37) 

is the unitary form preserving and bijective, therefore it is extendable by the continuity 
to a unitary operator in the Hilbert space 7i w . Indeed, it follows that: 

Pu>(h-k,x)Pcj(hk,x) = p(l) = id = Pu{hk,x)Pu{h-k,x), (2.38) 

{ pu(hk,x)[a] , Pu>{hk,x)[b] y =([«]> Pw(h-k,x)pu>(hk,x)[b] } = ( [a] , [b] J . (2.39) 

The condition (J2.34J) is equivalent to the following condition imposed directly on the 
state u 

uj(a{hk, y h k ' , y - h k +k' ,y)b) = 0, for every a,&G2t, (2.40) 

and every k, kl G E, y G M. 

We will be assuming the condition (|2.34j) in this paper. This is equivalent to consid- 
ering states on the *-algebra 

21 = 21/ J, (2.41) 

where J is the two-sided ideal generated by the set 

{hk, v hk', y ~ h k +k', y ■ V € M, k,k' G R}. (2.42) 

The canonical epimorphism 

21 ->a 

11 



is used to introduce the following notation for elements of 21, 



tt(/) ^ 7f(/), (2.43) 

in particular 1 stands for the unity in 21. A technical observation extensively used below 
is that every element of the quotient algebra 21 can be represented by a finite linear 
combination of elements (|2.19l) such that Xj ^ Xj for every pair i ^ j and the hats are 
replaced by the tildes. In other words, for every finitely supported funtion k : M —*■ M 
denote 

>ik = J! hxM*)- ( 2 - 44 ) 

x£M 

The algebra 21 is spanned by elements of the form 

m 

he, and /ik ]!#(/:»), ( 2 ' 45 ) 

i=i 

with all possible k, m € N, and f%, ..., f m £ T . 

Whereas, upon Property 12.101 each of the operators p w {hk jX ) will be unitary, opera- 
tors Pu(ft(f)) may or may not be essentially self adjoint, depending on a state u. 

2.6 Symmetries 

Suppose 21 is the polymer *-algebra corresponding to a momentum variable space II jr 
( Definition 12. 4|) preserved by the group Diff(M) of the diffeomorphisms of M (of a given 
class). Every diffeomorphism (p £ Diff(M) acts on the pair representing the classical 
scalar field (cj>, n), 

(j) H-> ((^ _1 )*0, 7T I— > (f^TT, (2.46) 

(notice, that n, as a signed measure, is pushed forward by (p rather then pulled back 
by its inverse). The action passes naturally to the polymer Lie algebra and next to the 
polymer *-algebra. ip defines a *-automorphism of 21 

a^ : 21 ->■ 2t (2.47) 

<?<p{hk,x) = hk,y( x ) (2.48) 

<r v m))=H(v- 1 T(f))- (2-49) 

The automorphism a v , as any automorphism of 21, acts naturally in the space of the 
states defined on 21. A state u) invariant with respect to that action of the diffeomorphism 
group Diff(M) is called diffeomorphism invariant. 

12 



Moreover, consider an arbitrary homeomorphism ip. In non of the cases considered 
in this work the space of the smearing functions will be preserved by all the homeo- 
morphisms. However, it may be true, that a given momentum variable vr(/) G ILj-, 
the smearing function / is mapped by c/? -1 into a function (y -1 )*/ such that still 
( i P~ 1 )*f £ F . The smearing functions of this property form a vector subspace of T. 
Denote by 11^ the corresponding vector subspace of n. Explicitly, 

n^, = njr n</ ,*jr 

It comes with the polymer *-algebra, say 2l v , a subalgebra of 21. It is obvious how to 
generalize the definition of the invariance of a state uj to the homeomorphisms. The 
formulae (|2.481 12.49|) define a homomorphism 

a v : % -» 21. (2.50) 

Definition 2.11. A state u defined on the algebra 21 is called homeomorphism invariant 
if for every homeomorphism ip 

uj(a !f (a)) = oj(a) (2-51) 

for every a G 2l v . 

Certainly, a homeomorphism invariant state on the polymer *-algebra 21 is also 
diffeomorphism invariant. 

For the completeness let us explain the relation between the diffeomorphism invari- 
ance of a state and the diffeomorphism covariance of the corresponding representation. 
A diffeomorphism invariant state u on a polymer *-algebra 21 defines a unitary repre- 
sentation U of the diffeomorphism group Diff(M) in the unitary space 7i u (|2.24|) 

U(<p)[a] = [<p*a]. (2.52) 

The representation p^ is diffeomorphism covariant, in the sense 

U&)p(a)U(<p)- 1 = p(U{v)a) (2.53) 

for every a G 21 and every ip G Diff(M). 

In the next section, in the case of the momentum variable space n c »™ , M k n we will 
show that a C m ° diffeomorphism invariant state on 21 is unique. This is the known one 
used in [25 . That state is also homeomorphism invariant. 

In Sections0]-|nion the other hand, we will consider the momentum variable space IIf 
spanned by characteristic functions of regions in M. In that case, we will additionally 
assume the homeomorphism invariance in order to derive a class of new states invariant 
with respect to the piecewise-analytic diffeomorphisms. 

13 



3 21 defined by C™°(M, R) smearing functions 

In this section we choose the space J- of the smearing functions to be 

JF = C™°(M,R), (3.1) 

that is the space of the real C m °-functions of compact support and defined on M, where 
the differentiability class is fixed to be either an integer mo > 0, or mo = oo, or C^ m °' 
stands for the semi-analytic functions according to |23| . 

We consider the polymer *-star algebra 21 corresponding to the momentum variable 
space IIjp defined by Definition 12. 41 with the choice ()3.1j) of J- . We also identify ILp- and 
J- via the vector space isomorphism (|2.7j) . 

In this section, the group Diff(M) considered in Section [2.61 is the group Diff m °(M) 
of all the C m °-diffeomorphisms of M. It turns out that the diffeomorphism invariance 
and the Property (|2.1UI) determine a state u) on 21 completely. That result, and the proof 
we present below are analogous the result of |2Sj, but much simpler. 



Theorem 3.1. Suppose 21 is the polymer *-algebra (Definition \2. 7| ) defined by J- = 
C™°(M, R). On 21, there exists exactly one C m ° -diffeomorphism invariant state ujq such 
that the condition (|2.4UI) (equivalent to Provertv \2.1U\) holds. The state is defined by 

wo(o7r(/)) =0= LOo(hki,xi---hk n ,x n ), (3-2) 

for every a € 21, every momentum variable vr(/) € II p, and every set of labels {(ki,xx), 
. . . , (k n , x n )} such that X{ ^ Xj for every i ^ j, for all i = 1, . . . ,n and every n € N. 

Proof. First, we show that if lo$ is a diffeomorphism invariant state such Property (|2.1U|) 
is true, then it satisfies ()3.2j) . The main step is showing that 

MHfTHf)) = o, (3.3) 

for every / G C™°(M,M). The trick is to notice that 

Lemma 3.2. For every f £ C™°(M,R) there exists g £ C™°(M,R) and e > such that 
for every — e < A < e, there is a C^°(M, R) diffeomorphism (ft\ : M — > M, such that 

g + Xf = (pig. (3.4) 

See (22] for the construction of cj>\. 

That is to say, g + Xf is just a deformation of g, diffeomorphically trivial. Then the 
diffeomorphism invariance implies 



uo(n(g)Tc(g)) = ui (%{g + Xf)ir(g + Xf)) 

= u (Hg)Hg)) + 2Xu;o(Hf)Hg)) + A 2 u; WK(/)) 



2 ...,.-.,., ( 3 - 5 ) 
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for every value As] — e, e[. Hence, the terms proportional to A and A 2 vanish. (Recall 
also that n(f)* = 7r(/)-) This implies the first equality in ()3.2|) , Notice, that it also 
implies 

u (Hf)A) = w (A*7r(/)) =0, (3.6) 

for every A € 21 and every n(f) € IIf- 

Now, consider an element /i := hk 1Xl . . . hk nXn £ 21. Certainly, for every / € 
C™°(M,R) 

= cu ChM(f) - ir(f)h) = \Y,kf(xi)) u (h). (3.7) 

If h satisfies the assumption that x\ ^ Xj whenever i ^ j then there is / € C™° (M, K) 
such that the coefficient at tOo(h) in the equality above is not zero, hence the second 
equality in (|3.2|) is necessarily true. Hence, we have showed that (J3.2J) is a necessary 
condition. 

Now, we show, that if u>o satisfies fPropertv l2.10)l and (|3.2|) . then it is unique. Notice, 
that the only elements of 21 that have not been taken into account in ()3.2|) are the linear 
combinations of elements h^M ■ ■ ■ hk ntVn such that there is i,j € {1, . . . , k} such that 

i / j, and y { = yj = x. (3.8) 

However, the equations (|3,2| I2.4()|) and the second equation in (|2.8j) determine ojq even 
on those elements of 21. 

Concluding, we have shown that if uiq is a diffeomorphism invariant state such that 
Property (|2.1U|) is satisfied, then it satisfies ()3.2|) and is unique. 

It is easy to construct a state ujq by using (|2.34[ 13 .2|) . The conditions (|2.341 13. 2|) 
define a state on the algebra 21 f see 12.41)) . The state too is the pullback of that state to 
21, hence it exists. Obviously, it is diffeomorphism invariant. □ 

The GNS representation p^ defined by the state u>o can be derived explicitly. The 
first step is to find a convenient notation for the elements of the quotient vector space 

"-wo • 

Every non-zero element of [a] £ 2l/Ju, can be defined by a £ 21 of the following 

form, 



i=\ 

and can be labeled by a finitely supported function k : M — > R, 

n 

k = £>l { s i} > ( 3 - 9 ) 



i=i 
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where given x G M, 1 r x i is the characteristic function of x. In particular, the identically 
zero function labels the element [1] G 21/J^o- Therefore we will write 

n 

|k) := [l[h Hx);X ] (3.10) 

x£M 

where k : M — > K has a finite support. 

Therefore, T~i^ is in this case the complex vector space Cyl of the finite formal linear 
combinations of elements |k) labeled by all the functions k : M — > M of finite support, 

n 
Ul = Cyl = {^Oi|ki) : n G N, a; G C, k; : M -► M finitely supported}. (3.11) 

i=l 

Now, the GNS unitary scalar product ( • , • ) defined in H^ by the state ojq is the 
following unitary scalar product (-|-)cyl- 

own !*»<». = {$£ -* (3.i2) 

Finally, the action p^ : 21 — > End(Cyl) defined on the generators of 21 and the 
basis in Cyl can be derived: 

n 

Pwo(.hk',x){\k) = [h k ' , x Y[ hk(x),x] = \k + k'l {x} ) (3.13) 

x€M 

n n 

p(7r(/))dk) = [*(/) n ^),j = mi), n ^(x),j] = 

a^eAf x&M 

= ^k(x)/(x)|k). (3.14) 

where the product (sum) has only finitely many non-unit (non-zero) factors (terms). 

Some more remarks are in order. That unique state is used in LQG for the quantum 
scalar field coupled with the quantum geometry |2L)l I21j . The symmetry group of the 
quantum geometry defined by LQG is the group of semi-analytic diffeomorphisms. As 
it was shown in |23j . Lemma 13 . 21 continues to be true if the C m ° differentiability class is 
replaced by the semi-analyticity assumption defined therein. Therefore the theorem is 
true in that case as well. 

The representation p wo is referred to in the literature, as the polymer representa- 
tion. For the same polymer *-algebra 21 one may also define the standard Fock state 
of the scalar field. The comparison between the polymer representation and the Fock 
representation was discussed in |21j . 
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An important subtlety of Theorem 13. II is that both: the smearing functions used in 
the definition of the basic momentum variables, and the diffeomorphisms M — > M are 
assumed to be of the same class C m ° . The reason is that in the proof of Lemma 13.21 
fsee|23|). the suitable diffeomorphism is constructed from a given smearing function. 
However, if we fix the differentiability class of the diffeomorphism-symmetry group as 
C m °, but consider the smearing functions of the class C m with w! < mo, the proof 
fails, and, in fact, the theorem is not true. (It is easy to construct a counter example 
by using the counter example to the uniqueness concerning the quantum algebra of the 
holonomy-flux observable found in |23j^. 

In the current work, our aim is to use that observation in investigation of the issue 
of the existence of new diffeomorphism invariant states. 

A natural alternative to the C™° condition used in Theorem 13.11 is smearing the 
momentum variables against the characteristic functions of subsets in M. (This also 
one of the choices typically used in LQG [20]). With this choice of the space J- in 
Definition 12.41 we will be able to construct a family of new states. 



4 The CW-complex *-algebra 

4.1 The CW-complex vector space JF 5 

4.1.1 Definitions, the Euler Characteristics 

We assume in this section that the manifold M is endowed with a piecewise-analytic 
structure, and consider piecewise-analytic /c-simplexes in M, both notions precisely de- 
fined in Appendix. In particular, if S is a fc-simplex in M, then, depending on k, S is: 
(0) a 1-point subset of M if k = 0, (i) an 'open' interval embedded in M if k = 1, (N) 
an open ball in M dimM embedded in M with an inverse local chard, if the k = dimM. 
In the last case S is referred to just as a ball in M. In the general case S is referred to 
just as simplex (we skip 'piecewise-analytic'). 

Definition 4.1. Denote by S the set of all the k-simplexes in M , where k ranges from 
to dimM. 

Given a subset U £ M, by the characteristic function ljj we mean the function 

lu:M-*R (4.1) 

Definition 4.2. The CW-complex vector space J~s is the real vector space spanned by 
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the linear combinations of the characteristic functions lg of all the k-simplexes S in M: 

n 

T s = {^ ail5 > : n€N,a i eR,S' i €5}. 

The key identities satisfied by the characteristic functions valid for arbitrary subsets 
U 1 ,U 2 C M are 

lf/i + lf/ 2 ~ lf/in(72 ~ l(7iUC/ 2 = (4.3) 

lui\u 2 ~ Itfi + lc/ini/ 2 = 0- (4-4) 

Due to them, despite of the fact, we have used only the simplexes to define the space 
J- Si there are many other subsets U C M, such that the characteristic function 

lu e Fs- 

Indeed, this is the case whenever U is triangulable (see Appendix). 

As a warm up, and to introduce the Euler Characteristic, consider a linear map 

X : T S - R (4.5) 

and assume it is homeomorphism invariant in the sense, that the number xO-s) depends 
only on the dimension of the simplex S. It is easy to see that this map is uniquely 
determined by the value of x(^o) where Sq is a 0-simplex, meaning a one point subset 
of M. Indeed, if S\ is a 1-simplex, then we can always split it into a disjoint union of 
two 1-simplexes an one 0-simplex, and consider the corresponding identity between the 
characteristic functions 

Si = 5'iUS' U5"i 
l Sl = l S ' 1 +ls'o + 1 S" 1 - (4-6) 

The linearity and the homeomorphism invariance of x applied to the identity imply 

x(isj = -x(isj)- 

Repeating exactly the same calculation for 2-simplex up to dim M-simplex, one can 
convince himself, that for every fe-simplex Sk, 

X (l Sk ) = M-l) fc , (4-7) 

where (1q is an arbitrary constant. The map 

S 3 S k ^ XE(S k ) = (-l) k € R, (4.8) 
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where k is the dimension of Sk, is called the Euler Characteristic. 

Thus far we have derived a necessary condition determining the possibly existing 
linear map x '■ 3~S -^ K up to the constant fiQ. Another argument is needed to show, 
that the linear map x exists at all. The existence relies on two facts. The first one, is 
that for every n-tuple of of the simplexes Si, ..., S n £ S, there is a single triangulation, 
that is a finite subset S' C S of pairwise disjoint simplexes in M such that 

n; 

* = U *i' ij e 

i=i 

for every i = 1, ...,n, and j = 1, ...,rij. The second fact is, that the Euler Characteristic 

is triangulation independent, that is for every simplex S and its triangulation, that is a 

decomposition 

n 

S =\JSi 

1=1 

into the union of pairwise disjoint simplexes S\, ...,S n , the identity holds 

n 

Xe(S) = ^XE(Si). 

i=l 

We hope it will not lead to any confusion if we denote by 

Xe : Fs — * Fs 

the linear extension of the Euler Characteristic, that is the map (|4.8j) normalized by the 
condition 

MO = 1, 

for every 0-simplex in M. We keep calling the extension xe : 3~s ~^ ^ the Euler 
Characteristic functional. 

4.1.2 Homeomorphism invariant, symmetric, bilinear forms 

On the CW-complex vector space Ts, consider a symmetric, bilinear form 

(•!■) : ^SX^^R, 

non-negative, that is such that for every s £ J~s 

(s\s) > 0. 

We also assume, that the form assigns to a pair of simplexes S±, S2 £ S a number 
(lsjlsj) depending only on the homeomorphic characteristics of the pair {Si,S2}. 
Precisely, we assume that (-|-) is homeomorphism invariant in the following sense: 
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Definition 4.3. A bilinear form (■{■) : J5X/5 — > M is called homeomorphism invariant 
if for every pair of simplexes S\,S2 £ S and every homeomorphism (j) : M — > M such 
that 4>{S\),4>(S2) G S, the form satisfies 

(i*(Si)|i*(s a )) = (isjisj- (4.9) 

In this section we will find all the homeomorphism invariant, bilinear, symmetric, 
non- negative forms on the CW-complex vector space T$. 
The key step is the following Lemma: 

Proposition 4.4. Suppose that, dimM > 1 and M is connected. Suppose (-|-) : 
3~S x J~S — > K «s a homeomorphism invariant symmetric, bilinear, non-negative form. 
Then, for any two balls Bq,B± € S 

(1 Bi -1b |1 Bi -1bo) = 0. (4.10) 

Proof. Consider first the special case of the balls, when Bq C B\ and the difference 
B\ \ Bq is a tube 1 , that is, there is a local coordinate system (x 1 , ...,x N ) in M such that 

Bi\Bq =R = { (x\...,x N ) |rg < (x r ) 2 + (x 2 ) 2 <rj, \ Xi \ < H, 2 < i < N }. (4.11) 
We have, 

therefore, in particular 1r e ^5. 

Lemma 4.5. Suppose R C M is a tube defined in a local coordinate system by \4.ll\j . 
Suppose M and (-|-) satisfy the assumptions of Proposition \J^\ Then, 

(Iflllfl) = 0. 
Proof. The trick consists in cutting out the tube R into n disjoint, homeomorphic pieces 

R = 4 n) U---Ui?i n) , 

such that each two pairs of pairs (R, Rf ) and (R, R\ ) are homeomorphic to each other 
and 

for every I = 1, ..., n. Indeed, we can choose some n 6 N and using the same coordinates 
define 

Rf> = { (x 1 ,...,x N ) (£R : x 1 =r cos <f>, x 2 =r sine/., rGl, (/- 1)— <<fxl— } 
n n 

It is useful to have in mind the identification of a ball with a cylinder 
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Then, 



1/?. = 1 R (n) H hi „(») , and 1 (n ) G J5 

Hi "n W I 



for every J = 1, ..., n. Now, the number in question can be written in the following form, 

(1r\1r) =n(l fl |l fl („)) (4.12) 

Where we have used the homeomorphism invariance of the form (-|-). The left hand 
side of the equality in independent of n. The right hand side obviously depends on 
n. However, the factor (1_r|1 R (n)), again due to the homeomorphism invariance, is n 

independent! The only solution of the equation Q4.12JI valid for arbitrary n is 

(1r\1r) = 0. 

D 

In the continuation of the proof of Proposition 14.41 we will use the known fact, that 
given in a vector space a symmetric, bi-linear and non-negative form, the 'zero norm' 
vectors form a vector space, that is, in our case 

(s\s) = 0, and {s'\s') = => (s + as'\s + as') = 

for every a € R. 

Lemma 4.6. Suppose Bq and B' are two disjoint balls in M (that is Bq,B' € § are 
simplexes of the maximal dimension). Suppose M and (-|-) satisfy the assumptions of 
Proposition \4-4\ Then, 

0-Bq ~ 1 b' \ 1 b ~ 1 B' ) = 0. 

Proof. Given the balls Bq and B' , there is a single ball B\ such that both (i) Bq C B\ 
and R = Bi\Bq is & tube, and (ii) B' C B\ and R' = B\\ B' Q is a tube. (The notion 
of 'tube' is defined by IJ4.11J) ). We can write 

!so ~ 1b' = 1b ~ 1 Bi + 1 Bi ~ i^, = _1 « + 1 «'- 
The application of Lemma 14.51 concludes the proof of Lemma 14.61 □ 

Finally, suppose B\,B2 C M are arbitrary two balls in M. Let B3 be a ball in M 
disjoint from B\ U Bi. We have 

Ibi — lfi 2 = 1-Bi — 1b 3 + ls 3 — ls 2 

and Lemma 14.61 applies to the first difference as well as to the second one. Hence, 
Proposition 14.41 follows. □ 
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The conclusion from Proposition 14.41 is that that if we fix a ball Bq in M, then for 
every other ball B and every s € J-$, 

(l B \s) = (ls |s) 

provided the assumptions of Proposition 14,41 are satisfied. 

It follows, that the form (-|-) can be determined via Proposition 14.41 up a normaliza- 
tion factor. To see it, note first: 

Lemma 4.7. For every simplex S in M, there exist balls Bi,...,Bk, such that 

n 

Is = ^rmlBo (4-13) 

where mi, . . . , m n are integers such that 

n 

Xe(S) = (-l) dimM ^m,. (4.14) 

i=i 

Proof. The formula Q4.14J1 follows directly from the application of the Euler Character- 
istic functional to (|4. 131) . Given a fc-simplex S in M such that k < dimM, it is easy to 
see that there are three k + \ simplexes S', S" and S"' in M such that 

Is = Is 1 '" — Is" — 15' 

and all the terms on the right hand-side are characteristic functions of k 4- 1-simplexes. 
Repeating this observation sufficiently many times we get (|4.13|) . □ 

Therefore, we can calculate now for arbitrary two elements s, s' € J~s 

n n' 

( S W) = C^m^B.l^rni'lB^) = xe(s)xe(s / )( 1 BoI 1 Bo)> ( 4 - 15 ) 

i=l t'=l 

where we have used that 

(15^1%) = (1b |1so)- 

Hence, (-|-) is determined indeed up to a constant factor. Due to the independence 
of the Euler Characteristic of trianguliation, the formula above does define a bilinear 
form (-|-) : J-$ x F$ —> M, given any value 

^ = (1b |1bo) 
In this way we have proved, that: 
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Theorem 4.8. There exist a unique, modulo the re-scaling by an arbitrary factor \ii > 0, 
homeomorphism invariant, bilinear, symmetric form (-|-) defined on the CW-complex 
vector space J~s, provided dimM > 1 and M is connected. The form is defined as 
follows: 

(•!•) = M2Xe(-)Xe(-), (4-16) 

where xe '■ ^s ~> K is the Euler Characteristic functional . 

Notice, finally, that it follows from Theorem 14.81 that the resulting unitary space 

Fs/{s € Ts : (s\s) = 0} 

is just one dimensional. If we denote by [1b] the element of the space Ts/{s £ !Fs '■ 
(s\s) = 0} corresponding to a ball B in M, then the projection map is 

r S 3s^(-l) d ™ M XE(s)[l B ]. 

Notice also, that the element [1b] is unique, it does not depend on which ball B in M 
we use to define it. 

4.2 Homeomorphism invariant states on exp(0jF^) 

Consider the complexification J-$ of the (real) CW-complex vector space J-$. We will 
denote by the symmetrized tensor product, and use the following notation for an 
element s G Ts 

S ® n = S Q...Q S (4.17) 

(n copies of s on the right hand side) and extend this notation to the space J-g itself 

(F $ c )® n =^s c 0---0^s c , (4.18) 

that is (Ts )® n is the space of the symmetric elements of the tensor product J~s 
• • • Ts • Consider the following vector space 

CO 

exp(0^ c ) := 0(^ c ) ". (4.19) 

n=0 

The space has the natural commutative *-algebra structure. Indeed, exp(0j r J ; ) is by 
definition a complex vector space. The associative composition operation is the sym- 
metrized tensor product 0, and the star operation is defined by using the complex 
conjugation ~ in J^, 

(a©---0fc)(c0---0d) = aQ---QbOcQ---Od 

(a •••©&)* = 6 ■■■0a. (4.20) 
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Definition 4.9. The *-algebra exp(0^ r 5 ) is called the CW-complex *-algebra. 

As we will see this algebra is naturally isomorphic to subalgebra of 21 generated by 
momentum variables 15. II 

Definition 4.10. A state u : exp(Qj r s ) — ► C is called homeomorphism invariant if for 
every k-tuple Si, ..., Sk £ S of simplexes in M and every homeomorphism ip : M — > M 
such that still cp(Si), ..., (f(Sk) € S, the following is true 

a(i V (Si) © • • • © i V (s h )) = ^(isi • • • © is*)- 

In this section we derive all the homeomorphism invariant states on exp(0J^). 
Suppose that 

Co : exp(0j^) -► C 

is a homeomorphism invariant state. It is clear that u defines a homeomorphism invari- 
ant, symmetric, bilinear form (-|-) : Ts X .Fs — ► R, namely 

(s\s) = Co(s s) 

(recall, that the subspace Ts C J\s consist of the real elements such that s = s). 
Given any two balls B\ and B2 in M, Proposition 14.41 guarantees that the difference 
Ibi — 1b 2 ^ Fs satisfies 

w( (l Bl - 1 B2 ) (l Bl - l Ba ) ) = 0. 

Now, it follows from the basic properties of the commutative *-algebras, that for every 

^,A'Gexp(0^s C ), 

Co{Aq(1 Bi -1 B2 )qA') = 0. (4.21) 

Using this observation, we conclude that the state Co is completely characterized by the 
following sequence of the numbers 

/i n := Cb((l Bo ) &n ), neN. (4.22) 

where Bo G S is an arbitrarily fixed ball in M. Indeed, given any finite set of balls 
B\, ...,B n in M the identity Q4.21JI applied n times implies 

^0-OIbJ = ^((l Bo ) 0n ). 

Furthermore, due to 1)4.1314.14(1 . the subset of all the elements of exp(0^ r < 5 ) of the form 
Ibx ■ ■ ■ 1_b„ where B^ are balls in M, spans the vector space exp(©.Fs ). 

In other words, every homeomorphism invariant state Co on exp(0.Fs ) is unam- 
biguously determined by its restriction to the unital subalgebra C[lg ] of exp(0^ r ,5 ) 
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generated by an element 1b , where Bq is an arbitrarily fixed ball in M. It is clear that 
C[1b ] is isomorphic to the *-algebra C[r] of complex valued polynomials of one real 
variable; let us explain the notation: 

r : R -» R, r(r) = r 

is the identity map, 

n 
C[r] = { J^a/r* -1 : n G N, aj G C }. 

3=1 

and the isomorphism C[1b ] —*■ C[r] is defined just by 

l Bo •-> r,. (4.23) 

Thus we have arrived at 

Lemma 4.11. Every homeomorphism invariant state u on the *-algebra exp(QJ-s ) zs 
determined by a state [i defined on the *-algebra C[t], according to the following formula 

Co(l Bl ...l Bk ) =v(T k ), (4.24) 

/or every k G N. 

In Lemma l4.11l the existence of the state <I> defined on exp(0j r 5 ) has been assumed. 
Now, we turn to the existence issue itself. We will show, that: 

Lemma 4.12. Every state [i defined on the polynomial *-algebra C[r] defines a unique 
homeomorphism invariant state Co on exp(Qj-s ) such that ^ Q4.24JI ). 

Proof. Let us begin by constructing a *-homomorphism 

Eul : exp(0^s c ) -» C[r] 

such that for every ball S' in M, 

Ib-htE C[t]. 

The linear extension of the equality above to the vector space Ts , the complexifi- 
cation of ^5, is defined by using the Euler Characteristic (|4.8|l in the following way, 

Eul : F S C -+ C[r], 

s ~ (-l) dimM XE(s)r (4.25) 
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Because Ts generates the commutative algebra exp(0^ r 5 ) freely modulo the linear 
relations satisfied by its elements, the above formula can be uniquely extended to the 
whole algebra exp(0.F,s ), 

Eul(si © • • • © s n ) := Eul(si) Eul(s n ) G C[r], (4.26) 

Suppose fi is a state on C[r]. The pullback 

Co := fi o Eul 

is certainly a state on exp(Qj-s ). It is also homeomorphism invariant. Finally the 
state Co satisfies ( (|4.24|l ). 

D 

Let us summarize our observations by the following: 

Theorem 4.13. There is a 1-1 correspondence between the space of the homeomorphism 
invariant states on the CW-complex *-algebra exp(©^5 ) and the space of the states on 
the polynomial algebra C[r]. The correspondence is defined by the pullback Eul* with the 
homomorphism Eul : exp(0^s C ) -> C[r] \4. 2514.26] ). 
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The careful reader noticed, that the polynomial algebra C[r] has emerged just as 
isomorphic to the unital subalgebra of the CW-complex algebra, generated by a fixed 
single ball ls . In fact, using the polynomial algebra representation has many advan- 
tages. To begin with, an example of a state \i on the polynomial algebra C[r] is defined 
by a probability (regular, Borel) measure dp on M, via 

Kr k ) := f r k dp(r), (4.27) 

for every k £ N, provided all the functions r are integrable. Conversely, every state // 
on the polynomial *-algebra C[t] can be constructed in that way. This nontrivial fact 
follows from the existence of a self-adjoint extension for the operator Pu(j), where p M 
is the GNS representation (see Section 12.41 The measure is unique if the extension is 
unique) . 

Given a homeomorphism invariant state Co defined on the CW-complex *-algebra 
exp(0^ 7 ,5 ) and the corresponding state fj, defined on the polynomial algebra C[r] we 
construct now the corresponding GNS representation. 

We start with the application of the GNS construction to the state [i : C[r] — > C 
Consider the corresponding GNS representation (7i°, ( • , • )„ , p^, O^) of Section l2~4l In 
particular, the unitary space is 

Til = C[r]/J M , (4.28) 
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equipped with the unitary scalar product 

<[Pi],[P 2 ]> M := ^(P l P 2 ). (4.29) 

Since the state uj on the algebra exp(0^ r ,5 ) is the pullback obtained by the epimor- 
phism Eul : exp(0^ r ,5 ) — > C[r], there is the natural identification 

(?&<•,■>*) = «(•,•)> (4-30) 

And the action of the GNS representation p& becomes: 

p* : exp(0^s c ) -► End(W°), (4.31) 

Pii (A)P := [Eul(A)P] 

using the map ()4.25I4.26|) . Obviously, 

fia = % = [1], (4.32) 

meaning the (equivalence class of) the 0-order polynomial 1. 

Proposition 4.14. (TC® , ( ■ , ■ ) , p&, tyu) defined by M.2814.29J4.3114.32J) above is (equi- 
valent to) the GNS representation \2.4\) corresponding to the state uj. 

5 21 defined by the smearing characteristic functions 

In this section we combine the definitions and results of the previous Section with the 
notion of the the polymer *-algebra of Section|2j We consider here the polymer *-algebra 
21 defined by the space of the smearing functions J- taken to be the CW-complex vector 
space !Fsi 

T = Fs- (5-1) 

At the first sight it may be surprising, that in our definition we admit also the smear- 
ing functions supported on measure zero lower dimensional simplexes. However, we 
remember from the previous section, that the simplex vector space Ts is spanned by 
the characteristic functions of the open balls in M. Therefore the emergence of the mea- 
sure zero supports is a result of the linear structure. Still, a state on the corresponding 
polymer *-algebra 21 might just ignore (in the suitable sense) the quantum momentum 
variables corresponding to those measure zero sets. We are not making that assumption, 
though. 

We will construct now all the homeomorphism invariant (in the sense of Definition 
2.10) states on 21 which satisfy Property (|2.10j) . In the next sections, we will study the 
corresponding GNS representations, their equivalence classes, and the irreducibility. 
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The momentum variable space Ii.p s (see Definition I2.4J) corresponding to that space 
of the smearing functions will be denoted by 

n : = iv s . 

Since the momentum variables are labeled by the smearing functions, and the smearing 
functions are labeled in this section by (suitable) subsets in M, we will often use the 
following notation for the momentum variables assigned to a fc-simplex S in M (or more 
generally, a triangulable subset S C M), 

its := 7r(ls), tts '•= tt(1s) (5-2) 

Definition 5.1. The subalgebra *}3 of the polymer *-algebra 21 generated by all the quan- 
tum momentum variables 7r(s) where s ranges the whole space J~s of the smearing func- 
tions is called the quantum momentum algebra. 

The quantum momentum algebra ^3 is naturally isomorphic to the CW-complex 
algebra exp(0^ r l s C ), 

exp(0^s c ) ^<p (5.3) 

lSi • • • ls n >-> TTSi • • ■ *5„ , (5-4) 

where the assignment defined for all the n-tuples of fc-simplexes Si, i = l,...,n, € N, 
determines the isomorphism. 

Now, every homeomorphism invariant state ui : 21 — > C defines by the restriction a 
homeomorphism invariant state on ^3. Therefore, due to Proposition 14.41 for every two 
balls B 1 ,B 2 mM, 

w((7r Bl -7r B2 ) 2 ) = 0, (5.5) 

and since (ttb)* = ^B for every ball B, the equality implies that for every a £ 21, 

uj(a(TT Bl - ttb 2 )) = = uj({tt Bi - it B2 )a) . (5.6) 

This property leads us to the following observation: 

Lemma 5.2. Every homeomorphism invariant state uj on 21 vanishes on the following 
elements of 21 

n n rn 

u(hki,xi) = ^(Ylhk^xj) = ^(Ylhk^xj Y[n(fi)) = 0, (5.7) 

i=i i=i i=i 

where all kj ^ 0, the points Xj & M are pairwise different and n > 0. 
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". Consider 




n m 




a - 


3=1 1=1 



(5.8) 

such that all kj y^ 0, the points Xj £ M are pairwise different and n > 0. It is possible 
to find two balls B\ and B2 in M, such that Bi does not contain any of the points Xj, 
j = 1, ...,n, whereas B\ contains exactly one of the points, say x\. Then, 

[ttb 2 -TT Bl ,a] = kia. 

Acting with uj on the both sides of the above equation and taking advantage of the fact 
that 7T£ 2 — 7TBJ is self-adjoint element of 21 we get 

= ui{ (itb 2 - fc Bl )a ) - uj{ a(JTB 2 - TTBi) ) = k\uj{a). (5.9) 

D 

But, the action of every state uj : 21 — ► C which satisfies the Property (|2.10|) is 
determined by the action on the elements used in Lemma 15.21 and the restriction of uj 
to the quantum momentum variable subalgebra ^3. Therefore, the following is true: 

Lemma 5.3. Every homeomorphism invariant state uj on% which satisfies Property 
(|2.1()|) is determined by its restriction to the quantum momentum subalgebra ^3. 

The converse is also true: 

Lemma 5.4. For every state u> on the quantum momentum subalgebra *}3 there exists a 
unique extension to a homeomorphism invariant state uj of Property \2.1 (A defined on the 
polymer *-algebra 21. 

Proof. It is convenient in what follows, to use the quotient algebra 21 (|2.41|) . and the 
canonical epimorphism 21 — ► 21. 

The quantum momentum subalgebra *P is naturally isomorphic to its image ^} upon 
the map 21 — > 21 therefore the subalgebras and their elements will be identified. 

Every state Co on the subalgebra ^3, there defines a unique Cdinear extension 

w:a -» C, 

given by the formulae Q5.7JI (where all kj 7^ 0, the points Xj £ M are pairwise different 
and n > 0) with uj replaced by uj and the hats replaced by the tildes. 
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It remains to show that the extension is non- negative. The extension Co is just the 
pullback with respect to the following C-linear map: 

(5.10) 



P:2l - 


- % 


n 


n 


P{\\^u 3 ) - 


= n>, 


j=i 


3=1 


n m 




^n^n*) = 


= o, 


j=i 1=1 





(5.11) 



whenever kj ^ 0, the points Xj E M are pairwise different and b E *p. The point is, that 
the map P is non-negative, in the sense that for every a E 21 there is b\, ..., b n E ^3, such 
that 

n 

P(a*a) = ^bfbj. (5.12) 

i=i 

Indeed, every a E 21 can be written as a finite sum 

n 

a = ^h^bj (5.13) 

i=i 

where kj : M — > R, for every j = l,...,n is a finitely supported function (see (|2.44|) ). 
Then P(a*a) is given by (|5~T2^1 . 
Therefore 

w = P*w (5.14) 

is non-negative as well and defines a state on 21 via the pullback 21 — > 21. □ 

Combining Lemma l5.«-{l and Lemma E3] with Theorem 14. 131 leads to a complete char- 
acterization of the homeomorphism invariant states on the polymer *-algebra 21 provided 
Propertv l2.1()l is satisfied. The states can be labeled by states on the polynomial algebra 
C[t] (we recall, that the following algebras are naturally identified: exp(0^ r 5 ) = *p = *p 
the last one being the image of the previous one in 21): 

Theorem 5.5. Suppose 21 is the polymer *-algebra defined by the space of the smearing 
functions \5.1\) . There is a natural bijection between the set of the homeomorphism 
invariant states on 21 which satisfy Property \2.1(A and the set of all the states on the 
polynomial algebra C[r]. The bijection is the pull-back defined by the linear map 21 — > 
21 — ► C[t] where 21 — > 21 is the canonical projection on the quotient \2.41\), whereas the 
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map £ : 21 — ► C[r] is defined as follows: 

£|«p = Eul (5.15) 

Skk = 0, (5.16) 

(where we use the notation of \4.25\4-%f\\2-44\) ) f or every non-zero finitely supported 
function k on M . 

6 Explicit form of GNS representations of 21 

We characterize, in this section, the GNS representations (see of the states described by 
Theorem 15.51 We use the notation and definitions introduced in Section [2.41 

Let u be a homeomorphism invariant state on 21 whose GNS representation p^ 
satisfies Propertv l2.1(JI Recall, that according to Theorem l5.51 the state uj is the pullback 
of a state \i on the polynomial algebra C[r] . We will also use, that, as explained in Section 
12.51 uj is the pullback of a state uj on the algebra 21 (see (|2.41j0 . 

The first step is a characterization of the unitary space (TC^, {•■, •) UJ ) in which 
the representation is defined; that is, the quotient space 21/ J w endowed with the unitary 
scalar product ( • , ■) uJ . For this purpose, we will use the unitary spaces: (Cyl, ( •, |- )c y i) 
(13.1113.121 and (C[r]/J M , (•,•)„) dH2BEHIl). We will also use the *-algebra homomor- 
phism Eul (|4.26I4.25|) defined also on the quantum momentum algebra 

EJul : V -> C[r], 

via the isomorphism (|5.3|) . 

Lemma 6.1. There is a natural vector space isomorphism 

1 : a/J w -» Cyl®C[r]/^, (6.1) 

unitary with respect to the unitary forms (■ , -) w and, respectively, (■{•) (g> ( • , • ) , and 
swc/j that, for every element b of the quantum momentum algebra ^}3 (see Definition \5.1\) 
and every n-tuple of quantum position variables hk lX1 , . . . , h^ n ^ Xn , including ho >Xi = 1, 

n n 

1 ■ lYlk^b] >-» iJ^fcil^iStEulCS)]. (6.2) 

i=\ i=\ 

Proof. We know that the vector space 21/ J^ is isomorphic to 21/ Jq (see (|2.5|0 . A general 
element a € 21 can be written in the form ([5.13ft . Consider the following map, 

a -► Cyl®C[r]/J M (6.3) 

n n 
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(as in the previous section, the subalgebra ^3 C 21 is identified with its image in 21). The 
kernel of ()6.3j) is given by the left hand side such that 

C[r]/J M 3 [EuKbj)} = 0, j = l,...,n. (6.4) 

On the other hand 

n n n 

j=i j=i j=i 

Therefore the kernel of 1)6. 3j) coincides with the left ideal J&- Obviously, the map H6.2|) 
is onto. Therefore, it passes to a vector space isomorphism, the isomorphism X. 

The calculation ()6.5j) shows also that X is unitary, if 21/ J w is endowed with the 
unitary scalar product (-, -) w and the space Cyl <8>C [t]/J^ with the tensor product 
C-IOOylO <-, -> M - ' ' □ 

Next, we turn to the GNS representation p w of 21 defined by the state uj. Our task 
amounts to evaluating the action of the operators Top a; (/i fc , r )oZ _1 , andTo / o ti; (#(s))oT _1 
in Cy\®TL^. For every element |k) (g> [P], we will denote 

X- l \k)®[P] =: [h k b P ]. 

Given any quantum position variable hkxi we have 

I°Pu>(hk,x) oX _1 |k) 18) [P] = I o [h ktX hJ> P ] = 

I[h k+kl{x} b P ] =\k + kl {x} )®[P}. (6.6) 

And, given any embedded CW-complex s € Fs 

Fop w (^( s ))oJ- 1 |k)^[P] = X o [7f(a)h k 6 P ] = 
X[M& Eul(s)P + E H^)s(x)bp)] = |k) <8> (£ k(x) S (x)[P] + [Eul( S )P]). (6.7) 

In conclusion: 

Theorem 6.2. Suppose 21 is £/ie polymer *-algebra defined by the space of the smearing 
functions 15.1]) . Suppose to is a homeomorphism invariant state on 21 such that Property 
\2.HA is satisfied. Let \i : C[r] — > C be the state corresponding to uj by Theorem 15.51 
The GNS representation (Hu,(-, • ) w ,Pu>, fl w ) corresponding to uj (see Section \2~lj\ ) is 
equivalent to (D,{- , ■) ,p,Q) where (see K3.llV3.lty and $3H\ \£Wjj ): 

D = Cyl®H% (6.8) 
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equipped with the unitary scalar product, 

(-,-) = (•|-)c y i®(-,-) M , (6-9) 

and with the distinguished vector, 

n = |o)®[i]„ (6.10) 

and the representation p is defined as follows, 

p(h k , x )\k)®[P] = \k + kl {x} )®[P}. (6.11) 

p(fc(s))\k) ® [P] = |k) ® (£ k(x)s(x)[P] + (-l) dimM XE(s)p,(r)[P}), (6.12) 
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where GNS representation (H^, {■ , • ) , p^, il M ) corresponds to the state p : C[r] 



• Henceforth we will be identifying each GNS representation (71%, { ■ , • } u> ,pu,£l u ) 
considered in Theorem 16 . 21 with the corresponding representation (D, {■ , •) ,p,Cl) 
defined therein. 

7 Self-adjoint extensions 

7.1 Momentum-self-adjoint representations 

We turn now, to the issue of self-adjoint extension of the GNS representations of the 
states on the polymer *-algebra 21 considered in Section |S] and Section EJ Suppose to : 
21 — > C is a homeomorphism invariant state considered in Theorem 15.51 and determined 
by a state p : C[r] — > C on the polynomial algebra. We will study the corresponding 
representation (D,(-, -),p, Q) of (|6.8I - l6~TTj) equivalent to the GNS representation 
corresponding to the state u>. We will also use the Hilbert space H defined by the 
completion 

H := D, (7.1) 

as well as the GNS representation (TC^, { ■ , • ) , p M , il M ) corresponding to the state p : 
C[t] — ► C and the Hilbert space 

H, = «o. (7.2) 

For every o € 21 the operator p(a) is defined in the domain D C TL. We know that for 
every (real valued) smearing function s G ^5, by the GNS construction, the operator 
p(7r(s)) is symmetric. That is, for every pair of vectors [a], [b] G L> 



p(vr(,))[a],[6]) = ( [a] , p(Hs))[b] 
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It is easy to notice, that every operator p(-if(s)) is essentially self-adjoint if 

Xe(s) = 0. (7.3) 

Indeed, given s E Ts such that (|7.3|) . we have 

p(7r( S ))|k>®[P] = £k(aO a (aO|k>®[P], 

for every finitely supported function k and every polynomial P G C[r]. The eigenvectors 
|k) (g> [-P] span the domain D of the operator, which shows the essential self-adjointness. 
Now we will consider the case 

Xe(s) + 0. 

The following theorem shows that the issue of the self-adjointness of the quantum 
momentum operators p(jr(s)) comes down to the self-adjointness of the corresponding 
GNS operators Pu(t) defined in the Hilbert space Ti^ spanned by polynomials. 

Theorem 7.1. Let (D, (•,•), p, CI) be any of the representations lo'.Htto'.ll)) of the 
polymer *-algebra 21. The following two conditions are equivalent: 

1. For every smearing function s € Ts, the operator p(rt(s)) is essentially self-adjoint 
in the Hilbert space TL \7.1\) ; 

2. the operator p M (r) is essentially self-adjoint in the Hilbert space TC^ \7.2\) . 

Proof. We will show, that for every s € J~s, the images of the operators p(tt(s)) ± i are 
dense in the Hilbert space H, that is, the equalities 



(p(7r(s)) ± i)D = H, (7.4) 

are true, if and only if 

( Pfl (r) ± i)H% = Up. (7.5) 

The last condition (|7.5|) is necessary and sufficient for the essential self adjointness of 
the operator p^ij). 

First step of the proof is to fix an arbitrary vector |k) S Cyl, and apply the operator 
in question to the subspace 

{|k)}®H° C Cy\®Hl = D. (7.6) 

The image is 

(p(n(s)) ±i){\k)}®H^ = {\k)}^((-l) M XE ( S )p,(r)+^Hx)s(x) ±<)Wj. (7.7) 
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Focus attention on the second factor of the tensor product on the right hand side. 
Suppose 

Xe(s) ± 0. (7.8) 

The factor is dense in the Hilbert space Ti.^, if and only if the operator p M (r) is essentially 
self-adjoint. (On the other hand, if we assume that Xe( s ) = 0, then the second factor 
is unconditionally dense in Ti^.) 

Now, 

(p(n(s) ± i) D = { \]<)}®((-l)M XE ( s ) Ptl (T)+^2k(x) S (x) ± i)Hl. (7.9) 

|k)GCyl xeM 

Clearly, in the case (|7.8j) the right hand side is dense in TL if and only if the operator 
Ph(t) is essentially self adjoint. (If xe(s) = 0, the right hand side equals D for every oj 
and p). D 

Definition 7.2. Every representation (D, ( • , •) , p, O) of the polymer *-algebra defined 
in H6.8\ - WU\) which satisfies the conditions 1 and 2 will be called momentum self adjoint. 

Theorem l7. ll provides a unique self-adjoint extension for each of the quantum momen- 
tum operators, provided certain conditions are satisfied. Talking about representations, 
however, we need a suitable extension of the common domain of all the operators of a 
given GNS representation. The appropriate framework can be found in [21] • We use 
some elements of that framework in the next subsection and combine with our very 
results. 

7.2 Unique self-adjoined extension 

Definition 7.3. A hermitian representation of a *-algebra 21 is a triple (D, {■ , •} ,p) 
which consist of 

• a vector space D equipped with a unitary scalar product { ■ , • ), 

• an algebra homomorphism p : 21 — > End(D) into the algebra of linear operators 
defined in D, 

such that 

(<l>,p(a)i>) = (p(a*)(i>,ip}, V0,VGZ?. 

Given a hermitian representation (D, (■ , •),/>) we also consider the natural Hilbert space 
completion 

n = D 

equipped with the natural extension of the unitary scalar product denoted by the same 
symbol {■ , ■). 
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We call a hermitian representation (D' , ( • , • ) , p') of an algebra 21 an extension of 
a representation (L>, (•,•), p) of 21 if: (i) D C D', and (ii) ( • , • ) is an extension of 
( • , • }, and (in) 

p'(a)\ D =p(a), VaG2t. (7.10) 

For every operator p(a) : D — > D denned by a hermitian representation, the domain 
.D* of the adjoint operator p(a)* is an extension of D, 

DcD* a cH. 

The operator p(a) naturally extends itself to the operator adjoint to p(a*), 

pia*)* :D* a ^n. 

Whereas D* may be not preserved by the operator, it can be easily shown that the 
following intersection is preserved 

D* := f| D* b , (7.11) 

p(a*)*(D*) C D*, Vae2l. (7.12) 

Definition 7.4. WM Given a hermitian representation (D, ( • , • ) , p) of a *-algebra 21, 
the triple (D* , ( • , •),/?*) is called the adjoint extension of (D,{- , •) ,p), if 

• D* is defined by {7.11}) , 

• for every a S 21, p*(a) : D* — » D* is i/ie following linear operator 

p*(a) := p(a*T\ D *. (7.13) 

It is not hard to check, that the adjoint extension of a hermitian representation of a 
*-algebra 21 is a representation of 21 in the sense that 

p*(ab) = p*(a)p*(b). 

In general though, we do not know if (D*, { ■ , • ) ,p*) is hermitian. That property can 
be ensured by some stronger conditions. 



Lemma 7.5. WM Let (D, (■,•), p) be a hermitian representation of a *-algebra 21, and 
(D* , ( • , • ) , p*) be its adjoint extension. Let A C 21 be the set of elements a £ 21 such 
that 

(v,p*(a)w) = (p(a*)v,w), Vv,w£D*. (7.14) 

Suppose A generates the algebra 21. Then (D*, ( • , • ) ,p*) is a hermitian representation 
of the algebra 21. 
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We apply now the definitions formulated above and Lemma f7.5l to the representations 
of the polymer *-algebra. Obviously, each of the representations {D, (•,•), p, O) de- 
fined by ()6.8l - loTTT)) of Theorem l6 . 21 defines just a hermitian representation (D, (■ , ■ ) , p) 
of the polymer *-algebra (by skipping the cyclic vector Q). Consider the adjoint exten- 
sion (D*,(-, -),p*). In that case the set A C 21 introduced in Lemma [7.51 contains 
every quantum position variable hk,x and all those quantum momentum variables 7r(s) 
which satisfy xe(s) = 0. Indeed, each operator p{hk, x ) is unitary in D, whereas every 
operator p(tc(s)) is essentially self adjoint. But this is not sufficient to generate all of 21. 
Nonetheless, in the case of a momentum self-adjoint representation of 21 (according to 
Definition 17. 2|) . we also have n(s) € A for every quantum momentum variable. Then, 
the set A does generate all the algebra 21. Hence, the adjoint extension is a hermitian 
representation itself. We can also somewhat simplify the definition of the domain D* in 
this case. Indeed, each of the domains D*~ is just the full Hilbert space D = TL. It 

follows, that in (|7.11|) the elements b = vr(si) • ... • vr(sfc) are sufficient to achieve the set 
D* (note that D*, , fl D*, n C D*, ,., and D*,- ( s ~ { w = D*,., . ,, , ,, ,, ), 

V p(a) p(b) p(a+b) p(ir(a 1 )-...-7r(s fc )) p(-k(si)-...-tt(s k )p(h ktX )) h 

and we arrive at the following conclusion: 

Corollary 7.6. Let (D, (•,•), p, f2) be one of the representations H6.8I - \6.11)) . Sup- 
pose (D, (-,-), p, Q) is momentum self-adjoint according to Definition \ 7. H\ Then, the 
adjoint extension (D*, ( • , • ) , p*) of the hermitian representation (D, ( • , • ) , p) of% is 
a hermitian representation. Moreover, 

si,...,s n e^ r s 

We do not need a complete characterization of the spaces Dl, -, -/ ■, used in 
Corollary 17.61 However it is easy to note, that all of them contain a useful common 
subspace (the one in the middle below): 

D C Cyl®D T CD*, (7.16) 

where the subspace D T C TC^ (see 1)7.2(1 ) defined in the next paragraph, is the domain 
of an essentially self-adjoint extension of the operator Pu(t). 

Now, the Hilbert space TL^ is unitary isomorphic with the space L 2 (M, dp), where dp 
is a measure 2 on R such that: 

a ) M r ") = Jii' r ™ c W r )> n = 0,l,...,n, ..., 

b) the subspace of polynomials is dense in L 2 (R, dp). 



"i.e. regular, Borel measure. 
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This measure dp is uniquely determined by the state p provided p satisfies the condition 
2 of Theorem 17.11 The unitary isomorphism maps r £ C[R] into the identity function 
r : R — ► R. Henceforth, we will be identifying the Hilbert spaces 7i^ and L 2 (R, dfx). Via 
that equivalence, the subspace D T is 



D T = {/GL 2 (R,d/i) : /r /2n |/(r / )! 2 d / u(T , ) < oo,VnGN}. (7.17) 



Finally: 



Definition 7.7. A hermitian representation of a *-algebra 21 is called self adjoint if it 
coincides with its own adjoint extension. 

It can be shown (see |24| . Section 8.1) that the adjoint extensions (D*, ( • , • ) , p*) 
defined in Corolarv 17,61 are all self-adjoint hermitian representations. 

7.3 Non-unique self-adjoined extensions 

We will generalize here, the unique extension of a momentum self-adjoint representation 
introduced in the previous subsection to a general case. Consider now an arbitrary 
state p : C[r] — ► C, that is do not assume the property 2 of Theorem 17.11 Still, 
there exists a measure dp* on R such that the conditions a) — b) hold. The measure 
defines an essentially self-adjoint extension P c } u *{t) of the operator p^(r). The domain 
of the extension is the subspace D T (J7.17J) , Identifying again the Hilbert spaces TL^ and 
L 2 (R, dp*), the extension is defined in D T Ij7.17|l by, 

{p C lAr)f)(r') = r'f(r'). (7.18) 



therefore we will denote it just by f, 



PdAr). (7.19) 



This extension defines naturally the extension of the GNS representation (|B.8B6,ll|) 
corresponding to p, to a hermitian representation (D^*, (■ , ■) , Pd^*) , where -D^. C H 
such that (we skip the subscript dp* at the scalar product because it coincides with the 
scalar product in 7i) 

• Dj^* = Cyl(£>D T equipped with the scalar product of Cyl<g)L 2 (R, dp*) 

• the representation is defined as follows, 

Pd M *(/tfc,*)|k)®/ = |k + fcl {a , } )®/, (7.20) 

^.(7r(*))|k)®/ = \k)®(^2k(x)s(x)f + (-l) dimM X E(s)f-f). (7.21) 



xeM 
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In the same way as it was explained in the previous subsection, it can be shown that 
the adjoint extension of the hermitian representation {D^* , ( • , • ) , Pd^* ) is a hermitian 
representation and a self-adjoint representation of 21 in the sense of Definition 17.71 

Finally, in the case of a momentum self-adjoint representation (see Definition 17. 2|) . 
the extension introduced in the current subsection coincides with the unique extension 
introduced in Section IT2l 

8 Equivalence of representations 

Definition 8.1. Two representations (D\,{-, •) 1 ,pi) and (D 2 ,{-, -) 2 ,P2) are called 
equivalent if there exists a unitary space isomorphism I : D\ — ► D 2 satisfying: 

r 1 o P2 oI = Pl . (8.1) 

/ is called an intertwining map between the representations. 

We will denote by I the unique extension of the map / to the completions D\ and 
D 2 °f the domains. 

We will study now, the issue of the equivalence in the context of of the momentum 
self-adjoint representations considered in Section 17.21 as well as in the more general 
context of the representations defined in Section 17.31 To make our results as general 
as possible, we consider the (self-)adjoint extensions of the representations. We show, 
that the equivalence issue comes down to the absolute continuity of the measures on M. 
labeling the representations. 

Theorem 8.2. Let (Di, ( • , • ) 1 , p\) and (D 2 , ( • , • ) 2 > P2) be the representations of the 
algebra 21 defined by: \7.2C\ - \7.21[ ), and the measures dfj,* = dfii, dp 2 - 

• Suppose their adjoint extensions (D±*, { ■ , • } 1 , pi*) and (D 2 * , { ■ , • ) 2 , p%) are equi- 
valent. Then: 

— The measures dpi and dp 2 are absolutely continuous with respect to each 
other; 

— For every unitary isomorphism I : D\* — > D 2 * such that 

r l o P * 2 oi = pi (8.2) 

there is h € L 2 (M, dp 2 ) such that I is of the following form for every |k) € Cyl, 
and every f G L 2 (M, dpi): 

|k>®/ ^ \\a)®hf. (8.3) 

Moreover, 

\h? = ^- (8.4) 

dp 2 
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• Conversely, if the measures dpi and dp 2 are absolutely continuous, the map \8.ty 
with 

*=- \l¥ 

V dp 2 

intertwines the representations (D\, ( , ) 1 , pi) and (D 2 , { ■ , • ) , p 2 ) (not only the 
adjoint extensions). 

Proof. Suppose the representations (Di*, ( • , •) 1 , p\*) and (D 2 *, ( • , • ) 2 , p 2 ) are equiva- 
lent and I : D\ — > D 2 is an intertwining map. The sketch of the proof of (J8.3J) is simple. 
Every intertwining map I is determined by its action on the cyclic vector |0) (8> 1. But, 
as we argue below, each intertwining map I has to satisfy 

I : |0> <8> 1 i-» \0)®h, (8.5) 

where h € L 2 (R, dp 2 ). Next, we find that the map / determined by Q8.5JI is exactly the 
one defined in (|8.3|) . Below we go to the details. The only technical subtlety we have to 
be careful about is that we are dealing with the adjoint extension of the representation 

P2- 

The vector |0) <8> 1 is annihilated by the following sub-class of the momentum oper- 
ators: 

Pi(tt(s))\0) <g> 1 = 0, whenever X e(s) = 0. (8.6) 

This property has to be preserved by every intertwiner, therefore 

P* 2 (tt(s))I(\0) <g> 1) = 0, whenever X e(s) = 0. (8.7) 

But every vector ip € D^ such that 

p* 2 (n(s))il> = 0, \fs G T s : xe(s) = 0, (8.8) 

is necessarily of the form |0) ® h (that statement is more obvious in the case of ip € Z?2 
and /92, and it generalizes to the adjoint extensions), hence: 

J([0)®1) = |0)®/», /iGL 2 (M,^ 2 )- (8.9) 

Next we determine the action of I on the vectors |0) <g> r n , n = 1, ... . We have 

l(|0>®r n ) = p*(7r( Sl ))-...-p^(7r( Sn ))|0)(8)h, (8.10) 

with any si, ...s n E ^"s such that Xe(sj) = 1, i = l,...,n. Again, we observe that the 
right hand side of (|8.1U|) . if denoted by ip, satisfies ([8.8)1 . Hence, for every s € ^%s, 
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the operator p 2 (n(s)) preserves the subspace |0) <S> L 2 (R, dp 2 ) H D 2 . Fix s such that 
Xe(s) = 1 and consider the restriction 

P 2 (tt(s)) : \0)®L 2 (R,dp 2 ) n D* 2 -» |0)®L 2 (K,d/i 2 ) n Z^. (8.11) 

It follows from IJ7.21JI and (|7.19|) that the operator ()8.11[) coincides with the operator 
f (as expected). Therefore, we have derived 

/(|0)®r n ) = \Q)®r n -h = |0}(g> /ir n . (8.12) 

Finally, the action of the intertwiner / on elements |k) ®r n is determined in the obvious 
way: 

J(|k)®T*) = %(n^),,))|O)0r n = ^(n^),«))|0)®/ir B = |k)®fcT n . 

By the continuity the map extends to 1)8.3(1 . 

The absolute continuity of the measures d/ii and d^2 is obvious as well as the 
Nikodym- Radon derivative (|8.4j) . 

Conversely, given two measures dpi and d/i2 on R which are absolutely continues, one 
can check by inspection that the map (|8.3j) is unitary, maps D\ — ► Z?2 and intertwines 
the representations pi and p 2 - □ 

9 Invariant subspaces 

In this section we solve the issue of the irreducibility of the representations of the polymer 
*-algebra 21 introduced in (|6.8I6.9I6.11|) and in Sections 17.21 17.31 

Consider a representation (D, ( • , ■ ) , p) (|(18I(19I6.1H) of the algebra 21. As before, 
we will also use the corresponding Hilbert space Ti (|7.1j) . It is defined by the completed 
tensor product (we denote it by (g) ) of the following spaces 



Cyl, U^ = C[r]/J M , (9.1) 

the completions with respect to the unitary scalar products ( -|- )cyi> and, respectively 
( • , • ) M , that is 

n = cyimip. (9.2) 

We present a quite strong, general result which shows that the issue boils down to the 
irreducibility of the representations of the polynomial algebra C[r] corresponding to the 
state \i : C[r] — > C. 

Recall, that each quantum position operator p(hk, x ) : W — > H is an unitary operator 
after extension to the whole space. Another class of unitary operators can be defined 
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by using the quantum momentum operators p(jr(s)) corresponding to those complexes- 
smearing-functions s € Ts which satisfy 

Xe(s) = 0. (9.3) 

Each of those operators with the domain D (j6,8|) is essentially-self adjoint. Therefore, 
the operator exp (ip(jt(s))) can be defined uniquely as an unitary operator in Ti. We will 
assume below that the unitary operators mentioned above preserve a common subspace 
in Ti, and we will come to quite strong conclusion. 

Theorem 9.1. Let (D, {■ , ■ } ,p) be a representation of the polymer *-algebra defined by 
J6.8L \6.9l 16'. 11)) . corresponding to a state u> : 21 — ► C determined by a state p, : C — ► C. 
Suppose Ti is a Hilbert subspace of the Hilbert space Ti 19. ty) such that 

p(h, x )(H) C H (9.4) 

exp(ip(7t(s)))(H) C H, (9.5) 

for every quantum position variable hk, x an d every quantum momentum 7r(s) such that 
\7.3\ ). Then, there is a Hilbert subspace Ti.^ ofTi^ such that 

n = cpii. (9.6) 



Proof. Given s € Ts, every eigenvalue of the operator exp (i p UJ (Tr(s))) can be written 
as 



\ ks = e *E. 6 ^k(*M*) ) (9.7) 

where k is a finitely supported function on M, and for every k the number Ak, s is an 
eigenvalue of the operator exp (ip UJ ('K(s))). To each of the eigenvalues Aj^s, there is 
assigned the corresponding subspace Ti\ k s of the eigenvectors. We have, 

|k')®W M C Tix K3 , (9.8) 

for every finitely supported function k' such that 

Y^ k'(x)s(x) = ^2 k(x)s(x). 
xeM xeM 

However, if we fix a finitely supported function k and consider the common part of all 
the sets Ti\ k s , then it is easy to show that 

f| Ti XKs = |k)®W„. (9.9) 

sS^s: Xe(s)=0 
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Let us turn now, to the preserved subspace 7i. Denote by 

P^ : H -» H 

the orthogonal projection onto H. For every fixed s G J~s such that (|7,3|) . and a finitely 
supported function k, due to the assumption that Ji is preserved by the unitary operator 
exp (i Pu>(^(s))) and by the general properties of the unitary operators, it follows that 

P^(H Xk:S ) C n Xks . (9.10) 

Therefore 

P^(|k)®H M ) =f) Pfc (H Xk J C |k)®W„, (9.11) 

s 

where the range of s on the right hand side is the same as in ()9.9|) . Hence, there is a 
Hilbert subspace Hk.^ C Ti.^, such that 

P^(|k)®W M ) = |k)<8W k ,„. (9.12) 

The relevance of this space consists in the following orthogonal decomposition of the 
invariant space H u , 



H = ^(©W®^) = 0|k)^Wk, M , (9.13) 

k k 

where k : M — > M ranges the set of all the finitely supported functions. 

Next we will show, that in fact the subspaces 'H^^ are necessarily all the same, 
independent of k. To see that, we introduce for every finitely supported function k : 
M —* M. the following unitary operator, 

U* = [J p{h Hx ), x )- (9.14) 

x£M 

By the definition of the operators U^, and p(hk }X ), 

£/ k (|k')®?^J = |k + k')<g>?^, (9.15) 

for every two finitely supported functions k and k' defined on M, and every Hilbert 
subspace Tif C TC^. On the other hand, the invariant space H is in particular both U^ 
and (C/k) _1 = U-k invariant, hence 

C/k(W) = W. (9.16) 
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In conclusion, 

|k)®7Y k , M = C/ k (|O)0 7Y k , M ) = (9.17) 

tfk(|0) ®H^H) = C/ k (|0) ® 7Y 0lM ) = (9.18) 

= |k)(8 7io )M - (9.19) 

Therefore, the subspace pointed out in the conclusion of this theorem is 

Ti-fj, = Ho )k - 

D 

To complete the conclusion of Theorem 19.11 consider a hermitian representation 
(D, (•,•), p) of 21. Suppose it is either defined by a momentum self-adjoint GNS rep- 
resentation and by formulae (|6.8J6.9I6.11|) , or it is one of the representations l)7.20|7.21JI . 
It any case, each of the operators p((jt(s))), s € Ts-, is essentially self adjoint, hence it 
defines a unitary operator exp(ip(-7r(s))). Suppose the subspace 

U = Cyl®^ 

of Theorem 19. II is preserved by each of the operators exp(z7r(s))). Then the subspace 

U^ cL 2 (R,d//) 

is necessarily preserved by the operator exp(zAf), AgR fsee !7.19j) . On the other hand, 
generically, it is not hard to find such a subspace 7Y M . To see an example, suppose there 
is a <i^*-measurable, proper subset ^Cl Define a Hilbert subspace 7i^ C L 2 (R, d//*) 
to be spanned by (classes of) all the square integrable functions of supports contained 
in V. The Hilbert space H. = Cyl ^Ti^ has the non-trivial (dense in 7i) intersection 
with the domain D* of the adjoint extension 

d = D*nn. (9.20) 

The subspace D is invariant with respect to the representation p*. Hence, the restriction 
of p* to D is a new hermitian representation of the algebra 21. 

That representation is equivalent to the adjoint extension (D^ ,, ( ■ , • ) , p* d „,) of the 
representation (D^i, ( • , • ) , , p^i) defined by (|7.2UI7.21|) and a measure 

dpi = lydp*. 

The only case in which there is no invariant subspace H in Theorem l9.ll is the state 
p : C — > C defined by a measure dp = 5 ro supported at a single point tq € R. 
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10 Discussion 

10.1 Summary of the results 

The polymer *-algebra 21 (Definition 12 .7j) contains the momentum subalgebra generated 
by the smeared momentum variables (Definition 12. 3() , The study of diffeomorphism 
invariant states on the momentum subalgebra is crucial for characterization of possible 
diffeomorphism invariant states on 21. 

In the C( n > , compactly supported smearing functions case (Sec. 0J, there is no non- 
trivial C^-diffeomorphism invariant state on the momentum subalgebra. This is the 
meaning of the identity l|3.3|) derived from the invariance. This fact and the assumption 
Property 12. 1UI determine the unique state on 21 (j3.2|) . The corresponding representation 
H3.13H3.f4*]) of 21 is the one used in LQG in the quantization of the scalar field. The 
uniqueness was not a surprise, and the argument used in the proof was similar to that 

of [2S1- 

The remaining part of the work was focused on the case of the momentum variables 
7r(s) defined by smearing against the characteristic functions of regions in M. The 
result is the construction of new states. Now, the momentum subalgebra -identified 
with the CW-complex algebra exp(0j r i 5 ) in this case (Sec. 14.2(1 - does admit non-trivial, 
diffeomorphism invariant states. In order to construct explicit examples, we assumed a 
greater symmetry, namely the homeomorphism invariance (see Sec. 12.6(1 . We succeeded 
in deriving all the states. The complete class is characterized in Theorem 14. 131 

Again, each of the states defined on the momentum subalgebra determines a state 
on the polymer *-algebra 21 upon the assumption Property 12.101 This leads to the 
derivation of all the homeomorphism invariant states defined on the polymer *-algebra 
21 which satisfy Property 12.101 (Theorem 15. 5j) . The states are labeled by all the states 
fj, : C[t] — > C in a 1-1 manner, where C[r] is the *-algebra of the polynomial functions 
on R, and r = id : R -> R. 

The resulting GNS representations of 21 corresponding to the derived states, are 
provided in explicit form in Theorem 16.21 The properties of the representations are 
analyzed in Sec. 0-101 

Given any of the representations p of 21, the momentum operators p(jt(s) may or 
may not be essentially self-adjoint. The necessary and sufficient conditions for that 
momentum self-adjoitness are formulated in terms of the labeling state p : C[r] — > C in 
Theorem 17.11 

Whereas the self-adjoint extension of each of the essentially self-adjoint momentum 
operators is quite well understood, the corresponding extension of the entire representa- 
tion p requires the special care. The suitable framework was derived by Schmudgen |24j . 
We show that for each of our momentum self-adjoint representations p of 21, the adjoint 
extension p* (Definition 17. 4|) is a self-adjoint (Definition I7.7JI hermitian representation 
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of 21. The remaining representations we found are also extended to homeomorphism 
invariant, self-adjoint according to [21], hermitian representations of 21. Each resulting 
self-adjoint representation p* d of 21 is determined by a measure dp on R, provided the 
algebra of the polynomials is dense in L 2 (R, dp). This is the outcome of Sec. 

Two self-adjoint representations p* d and p* d constructed in Sec. Qare equivalent 
if and only if the measures dpi and dp2 are absolutely continues with respect to each 
other (Theorem 18. 2 1) . The intertwining Hilbert space isomorphism is found as well. 

The issue of the reducibility of the representations considered above is solved in Sec. 
|2l A general characterization of invariant subspaces is given (Theorem 19. lj) . The final 
conclusion is: 

Corollary 10.1. Suppose a representation (p, D, (•, • )) of the polymer ^-algebra 21 is 
either 

• the representation defined by i6.8l\6.iA\6. 1 1\) and a state p : C[r] — > C, and assume 
it is momentum self-adjoint; 

• the representations \1.2U\7.21\) defined by a measure dp* on R. 

Then, there is no proper subspace ri C D preserved by the unitary extensions of all the 
operators exp(ip(Jv(s)) and p{hk )X ), unless the state p (the measure dp*) is the delta 
measure 5 T0 supported at tq E R. The definition of the representation reads: 

(D, (.,.)) = (Cyl,(-|-)c y i) 
p(hk, x )\k) = \k + kl {x} ), 

p(n(s))\k) = (^k(x) S (x)+r (-l) dimM XE( S ))|k). (10.1) 

xeM 

If Tq y^ To, then the representation p' corresponding to Tq is inequivalent p. 

10.2 Relevance for the holonomy-fiux algebra 

The polymer *-algebra considered in this work is used in Loop Quantum Gravity for the 
quantum scalar field coupled with the quantum geometry. The quantum geometry itself 
is described in terms of the holonomy-fiux *-algebra |2M| . The holonomy-fiux *-algebra 
has a similar structure to the polymer *-algebra, and one could say that the latter is a 
simplified version of the former one. In particular, the quantum flux variable P(f) -the 
counter part of the quantum momentum operators- is defined by a smearing function 
/ : M — ► su(2) of the support contained in an oriented 2-simplex s in a 3-dimensional 
piecewise-analytic manifold M, and taking values in the Lie algebra su(2). In particular, 
/ is often assumed to be of the form 

/ = l s £, £esu(2). (io.2) 
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The corresponding momentum can be denoted by P s ,£- Naturally, the question arises, 
if the class of the topological states defined on the simplex algebra in Section 0] of the 
current paper can be used to define a class of new diffeomnorphism invariant states on 
the holonomy-flux algebra. Indeed, by exactly the same argument as in Section 0] we 
prove, that for every topologically invariant state uj 

L0{{P s £-Psi£T( P s£-Psi,d) = > ( 10 - 3 ) 

for two arbitrary piecewise-analytic 2-simplexes s and s' in M. However, in this case 
a diffeomorphism which flips the orientation of s into the opposite one is, on the one 
hand, a symmetry of u but on the other hand maps 

P(s,0 - -A, 5 - (10.4) 

It follows from jl().dll().4jl that 

co(Pl^) = 0. 

Eventually, the only state is the one used in LQG. However, if we relaxed the topological 
invariance assumption, in favor of proper diffeomorphism invariance, perhaps new states 
could be found on the holonomy-flux algebra defined by the characteristic functions. On 
the other hand we have the uniqueness result |23j valid in the case of the compactly 
supported, C^ n ^-smearing functions / (analogous to Section EJ). 

A Piecewise-analytic simplexes and manifolds 

In the main part of this work we are using piecewise-analytic simplexes embedded in 
a manifold M endowed with an (appropriately defined) piecewise-analytic structure. 
Those notions are defined below. The property of the piecewise-analytic simplexes 
crucial in this paper is Property IA.7I below. 

Definition A.l. \2Qi[ A subset X C R is called semi- analytic if it has the following 
property: for every x E X (the completion of X) there is a neighborhood U 9 x in W N , 
and analytic functions fij : U — ► R, % = 1, ...,n, j = 1, ...,rtj such that 

n 

unx = [jx, 

i=l 

Xi = {xeU : f ij {x)<0,j = l,...,n i }. (A.l) 

Obviously, every analytic diffeomorphism maps semi-analytic sets into semi-analytic 
sets. However, the class of the diffeomorphisms of that property is larger. Therefore, 
we define: 
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Definition A. 2. A G- n > -diffeomorphism <fi : U — » U' , where U , and U' are open subsets 
in R , < n < oo, is called piecewise- analytic if for every semi-analytic subset X of 
R , i/te subsets <p(X n C/) and (X n C/') are semi-analytic. 

A sub-family of piecewise-analytic diffeomorphisms was introduced in |23j and called 
semi-analytic diffeomorphisms. Many examples were constructed. In particular, it was 
shown, that for every point x € R , and every neighborhood U of x, there is a semi- 
analytic diffeomorphism which moves x but is the identity map on R^ \ U. In this sense 
the structure we are fixing in R to consider the semi-analytic sets admits local degrees 
of freedom. 

Given a manifold M, a structure compatible with the semi- analytic sets can be 
defined as follows. Let M be a differentiable (or topological) manifold of the differentia- 
bility class C( n > , < n < oo (respectively, n = 0). Suppose the maximal atlas admits a 
sub-atlas ((£//, Xi))iei labeled by some set I, such that for every two chard \i an d XJ-, 
the map 

XJ ° x/ _1 = xj(0/ n Uj) -► xj(^/ n L7» 

is a piecewise-analytic C*- n ^-diffeomorphism. We call the family ((x/, Uj))i^j a piecewise 
analytic atlas on M and extend to a maximal piecewise analytic atlas. A chard (x, U) 
belonging to the maximal piecewise-analytic atlas is called a piecewise-analytic chard. 

Definition A. 3. A manifold endowed with a piecewise analytic atlas is called piecewise 
analytic. 

Obviously, every analytic manifold is piecewise analytic. A piecewise analytic diffeo- 
morphism M — > M of a piecewise analytic manifold M is a diffeomorphism such that 
itself and its inverse preserve the maximal piecewise analytic atlas. 

Now we turn to semi-analytic simplexes. As before, we begin with R : 

Definition A. 4. A 0-simplex in M. N is a point. If k > 0, a piecewise-analytic k-simplex 
in R is a semi-analytic set S such that there is a homeomorphism 4> '■ R — * R which 
maps S and the completion S onto the following sets 

k 

<j)(S) = {(x\...,x N )eR N : y x k <l,andx k+1 ,...,x N = 0} (A.2) 



{(z 1 ,. 


..,x N )eR N 


: ^x k < l,and x k+1 ,. 


..,x N 


{(x\. 


..,x N )£R N 


k 
: Y, xk < l,andx fc+1 ,. 


..,x N 



<j>(S) = {(^../jer : >^x fc <l,andx fc+i ,...y v = 0}. (A.3) 

And next we proceed with a manifold: 

Definition A. 5. A k-simplex in a piecewise-analytic manifold is a subset S C M such 
that there is a piecewise-analytic chard (x, U) which maps S onto a semi-analytic k- 
simplex in R . 
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The simplexes are used for partitions called triangulations: 

Definition A. 6. A piecewise- analytic triangulation of subsets X\, ...,X n C M, where M 
is a piecewise- analytic manifold, is a family of pairwise disjoint subsets Si, ..., S m C M, 
such that Si is a ki-simplex in M for i = 1, ...,n, and 

m 

x i = U 5 *^' i = 1 ,-, n , ^<kk<m. (A.4) 

fc=i 

The property of the semi-analytic sets and piecewise-analytic triangulations crucial 
for our work is J2B] (see Lojasiewicz, page 463, Theorem 1,2): 

Property A. 7. Every finite family of piecewise-analytic simplexes in a piecewise ana- 
lytic manifold M admits a piecewise-analytic triangulation. 

Let us remark on the status of the framework we are using. The theory of the 
semi-analytic sets is well established in the mathematical literature [2|j|. We apply the 
deep results of that theory. There seems to be no unique generalization of the notion 
of semi-analyticity to a category of 'semi-analytic' manifolds, though. (Probably each 
generalization has its drawbacks and limitations.) In the current paper we introduce the 
weakest from the point of view of our aims definition of a manifold structure compatible 
with the definition of the semi-analytic sets . It relies on a somewhat implicit (but not 
empty) definition of the piecewise-analytic diffeomorphisms in R . In J2B] we introduced 
a family of explicitely defined 'semi-analytic' diffeomorphsims, and used them to define 
'semi-analytic' manifolds. They form a subclass in the class of the piecewise-analytic 
manifolds defined above. Finally, our definitions should be also compared with similar 
ideas of [27] . 
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